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Extending earlier results by Paulos, we discuss further the use of the embedding formalism and
Mellin transform in the calculation of tree-level correlators of scalar and vector fields in AdS/CFT.
We present an iterative procedure that builds amplitudes by sewing together lower-point off-shell
diagrams. Both scalar and vector correlators are shown to be given in terms of Mellin amplitudes.
We apply the procedure to the explicit calculation of three-, four- and five-point correlators.
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2I. INTRODUCTION
The Anti-de Sitter / Conformal Field Theory correspondence (AdS/CFT) has revealed important connections
between quantum gravity and gauge theory [1, 2]. Even though AdS/CFT provides a prescription for the holographic
computation of correlation functions in a strongly coupled gauge theory with a gravity dual, in practice, computing
these correlation functions is quite difficult. The conformal correlators are related to scattering amplitudes in AdS
space. The latter are not defined in a standard fashion, as in Minkowski space, because AdS space does not admit
asymptotic states which are needed for the standard definition of the S-matrix. Nevertheless, creation and annihilation
operators can be defined in AdS space by changing the boundary conditions in the conformal boundary [3]. The
resulting scattering amplitudes in AdS space are then related to CFT correlation functions.
AdS scattering amplitudes are derived from Witten diagrams which are difficult to calculate in coordinate space
[4–8]. There have been some interesting developments in the computation of such diagrams in momentum space
[9–12]. Working in momentum space entails taking a Fourier transform of the amplitude, which is well-suited for flat
Minkowski space, but does not appear to be advantageous in AdS space. Another approach using Mellin representation
of conformal correlation functions was proposed in [3, 13, 14]. In more recent work [15, 16], it was shown that CFT
correlation functions factorize on poles in a Mellin representation, which suggests that Witten diagrams can be
computed via a set of Feynman rules, as is the case with correlation functions of field theories on Minkowski space in
the momentum (Fourier) representation.
In the case of scalar fields, by taking the Mellin transform, one trades coordinates for Mandelstam invariants of
the scattering amplitude. This does not extend straightforwardly to vector or general tensor fields because of the
index structure. After taking a Mellin transform, one is still left with expressions which involve coordinates, as well
as Mandestam invariants. The index structure complicates calculations which involve integrals over coordinates in
AdS space. Our aim is to extend the results of [16] and provide a general procedure for the calculation of Witten
diagrams involving fields of arbitrary spin. We shall show that diagrams of vector fields can be written in terms of
the same Mellin functions as scalar field diagrams. Our method is an iterative procedure that calculates a diagram
of a certain order by sewing together lower-order diagrams. The index structure is dealt with by taking advantage of
the conformal properties of the correlation functions. Extending our method to higher-spin fields is straightforward
and will be reported on in the near future.
The outline of our discussion is the following. In section II, we review the basic ingredients in the embedding
formalism which seems to be the most natural framework for Mellin representation. In sections III, IV, and V, we
calculate explicitly three-, four-, and five-point amplitudes, respectively, for scalar fields with a cubic interaction
as well as vector fields. In section VI, we discuss the calculation of a general N -point diagram from lower-order
constituents. Finally, in section VII, we summarize our conclusions. Appendix A contains all necessary integrals over
AdS space together with their derivation.
II. BASICS
In this section, we review the basic ingredients to be used in our discussion. We adopt the notation used in [16],
where further discussion can be found.
It is natural to use the embedding space formalism, which goes back to Dirac [17] (also see [18]), as it provides a
convenient framework for the computation of Witten diagrams. The embedding is a (d + 2)-dimensional space flat
Minkowski psace (Md+2) with metric given by
ds2 = dXAdX
A = −(dX0)2 + (dX1)2 + · · ·+ (dXd)2 + (dXd+1)2 . (1)
The Euclidean AdSd+1 space is defined as the hyperboloid X
2 = −R2, where X0 > 0 , XA ∈ Md+2. Henceforth, we
set R = 1.
In this formalism, it is convenient to think of the conformal boundary of AdS as the space of null rays PA (with
P 2 = 0, and P ∼ λP ). Then a correlation function of the dual CFT of weight ∆ scales as F∆(λP ) = λ−∆F∆(P ). We
will be interested in n-point correlation functions of the form F(P1, P2, . . . , Pn), and frequently use the notation
Pij = −2Pi · Pj . (2)
We will use XA, Y A, etc., for points in the bulk, and PA, QA, etc., for points on the boundary of AdS space.
The bulk to boundary propagator for a scalar field is given by
E(X,P ) =
Γ(∆)
2pid/2Γ(1 + ∆− d/2)(−2P ·X)
−∆ . (3)
3The bulk to bulk propagator for a scalar field can be written as an integral over the boundary point Q [3],
G(X,Y ) =
∫ +i∞
−i∞
dc
2pii
fδ,0(c)Γ(d/2 + c)Γ(d/2− c)
∫
∂AdS
dQ(−2X ·Q)−d/2−c(−2Y ·Q)−d/2+c , (4)
where
fδ,0(c) =
c sinpic
2pid+1[(δ − d/2)2 − c2] . (5)
These expressions for the propagators are crucial for the factorization of amplitudes into lower-point diagrams. We
are interested in calculating the N -point scalar amplitude
A(N,s) = 〈O∆1(P1)O∆2(P2) · · ·O∆N (PN )〉 , (6)
where O∆ is a conformal operator of scaling dimension ∆.
Similarly, the bulk to boundary propagator for a vector field can be written as [16],
EMA(X,P ) = DMA(∆, P )E(X,P ) =
Γ(∆)
2pid/2Γ(1 + ∆− d/2)JMA(−2P ·X)
−∆ (7)
where,
DMA(∆, P ) =
∆− 1
∆
ηMA +
1
∆
∂
∂PM
PA (8)
and JMA = ηMA − PAXMP ·X has the property, PMJMA = JMAXA = 0. DMA is an extremely convenient operator as it
organizes and simplifies the index structure of vector amplitudes, allowing us to relate them to amplitudes of scalar
fields. In this regard, a useful identity is
DMA(∆, P )
∂
∂PA
F∆−1(P ) = 0 , (9)
where F∆−1 is a function of weight ∆ − 1, i.e., F∆−1(P ) = λ−(∆−1)F∆−1(P ), and therefore P · ∂∂P F∆−1 = −(∆ −
1)F∆−1.
The bulk to bulk propagator for a vector field can be written as an integral over the boundary point Q, as in the
scalar case,
GAB(X,Y ) =
∫ +i∞
−i∞
dc
2pii
fδ,1(c)Γ(d/2 + c)Γ(d/2− c)
×
∫
∂AdS
dQηMNDMA(d/2 + c,Q)DNB(d/2− c,Q)(−2X ·Q)−d/2−c(−2Y ·Q)−d/2+c , (10)
where,
fδ,1(c) = fδ,0(c)
d2
4 − c2
(δ − d2 )2 − c2
. (11)
We are interested in calculating the N -point vector amplitude
A(N,v)M1...MN ,a1...aN = 〈JM1,a1(P1)JM2,a2(P2) · · · JMN ,aN (PN )〉 , (12)
where ai (i = 1, . . . , N) are gauge group indices. It should be pointed out that all current operators have dimension
∆ = d− 1. However, we need to calculate off-shell amplitudes as well, because we are interested in sewing diagrams
together in order to form higher-point amplitudes. The two legs to be sewn must be off shell, and have dimensions
d
2 ± c, on account of (10). Therefore, we will be generally working with arbitrary dimensions of the external legs of a
N -point vector amplitude.
The Mellin transform of the above N -point amplitudes will be given in terms of Mandelstam invariants δij (i, j =
1, . . . , N). They are defined with the properties
δii = 0 , δij = δji ,
N∑
j=1
δij = ∆i . (13)
4III. THREE-POINT AMPLITUDES
Having introduced all necessary ingredients, we now proceed to the explicit calculation of amplitudes, starting with
the simplest amplitude.
A. Scalar amplitudes
The three-point amplitude for scalar fields of scaling dimensions ∆i interacting via a cubic interaction of coupling
constant g is (Fig. 1)
A(3,s)(∆1, P1; ∆2, P2; ∆3, P3) =
g∏
i 2pi
hΓ(∆i + 1− d/2)A3(∆1, P1; ∆2, P2; ∆3, P3) (14)
where
A3({∆i, Pi}) ≡
∫
AdS
dX
3∏
i=1
Γ(∆i)(−2Pi ·X)−∆i . (15)
P1
X
P2
P3
FIG. 1: The three-point scalar amplitude (14).
The integral over the bulk vector XA is of the form (A12). Using (A16), we obtain
A3(∆1, P1; ∆2, P2; ∆3, P3) = pi
d/2
2
M3Γ(δ12)Γ(δ23)Γ(δ13)(P12)−δ12(P23)−δ23(P13)−δ13 (16)
where
M3 = Γ
(
∆1 +∆2 +∆3 − d
2
)
(17)
is the Mellin transform of the scalar three-point amplitude. There are no remaining integrals, because the constraints
(A11) completely fix the integration variables,
δ12 =
∆1 +∆2 −∆3
2
, δ23 =
∆2 +∆3 −∆1
2
, δ31 =
∆1 +∆3 −∆2
2
(18)
which are the Mandelstam invariants (44) for a three-point amplitude.
The three-point scalar amplitude is
A(3,s)(∆1, P1; ∆2, P2; ∆3, P3) =
gpid/2
2
∏
i 2pi
d/2Γ(∆i + 1− d/2)
M3
∏
i<j
Γ(δij)P
−δij
ij . (19)
5B. Vector amplitudes
Similarly, a three-point vector amplitude is given by (fig. 2)
A(3,v)M1M2M3,a1a2a3(∆1, P1; ∆2, P2; ∆3, P3) = f
a1a2a3
3∏
i=1
DMiAi(∆i, Pi)AA1A2A3 (20)
where,
AA1A2A3 =
∫
AdS
dXIA1A2A3
3∏
i=1
(−2Pi ·X)−∆i , (21)
and the index structure is similar to a gauge theory three point vertex in flat space,
IA1A2A3 = ηA1A2 (K1A3 −K2A3) + · · ·+ · · · , (22)
with
KA = (−2P ·X)∆ ∂
∂XA
(−2P ·X)−∆ = −∆ PA
P ·X (23)
P1
X
P2
P3
FIG. 2: The three-point vector amplitude (20).
Thus, the three-point vector amplitude (21) is, explicitly,
AA1A2A3 = −
∫
AdS
dX
[
ηA1A2∆1
P1A3
P1 ·X + ηA2A3
(
∆2
P2A1
P2 ·X −∆3
P3A1
P3 ·X
)
− (1↔ 2)
] 3∏
i=1
Γ(∆i)(−2Pi ·X)−∆i . (24)
As in the scalar case, the integral over the bulk vector XA is of the form (A12). Using (A16), we obtain
AA1A2A3 = ηA1A2P1A3A3(∆1 + 1, P1; ∆2, P2; ∆3, P3)
+ηA2A3 [P2A1A3(∆1, P1; ∆2 + 1, P2; ∆3, P3)− P3A1A3(∆1, P1; ∆2, P2; ∆3 + 1, P3)]
−(1↔ 2) (25)
Thus, the vector amplitude is written in terms of scalar amplitudes.
As in the scalar case (Eq. (16)), we may write this in terms of a Mellin amplitude,
AA1A2A3 =
pid/2
2
MA1A2A3
∏
i<j
Γ
(
δij +
1
2
)
P
−δij+
1
2
ij (26)
where
MA1A2A3 = Γ
(
∆1 +∆2 +∆3 − d+ 1
2
)
[I(1, 2, 3) + I(2, 3, 1) + I(3, 1, 2)] (27)
6and
I(1, 2, 3) = ηA1A2
P12
(
1
δ23 − 12
P1A3
P13
− 1
δ13 − 12
P2A3
P23
)
(28)
The above expressions are simplified if all legs are on shell. Setting ∆1 = ∆2 = ∆3 = d− 1, we obtain
A(on shell)A1A2A3 = pid/2Γ (d− 2) [ηA1A2 (P23P1A3 − P13P2A3) + · · ·+ · · · ]
∏
j<j
Γ(d/2)P
−d/2
ij . (29)
In order to use this amplitude in a higher-point diagram, it is convenient to eliminate terms that contain the coordinate
that corresponds to the leg which is to be sewn (off-shell) with a free index (i.e., not in a dot product). Without loss
of generality we choose the last leg, a practice that we will follow throughout.
Thus, we wish to eliminate terms containing PA3 . To this end, we will use the identity (9). Choosing ∆ = ∆3,
PA = PA11 , and F∆1−1(P1) =
∏
i<j(Pij)
−δij+
1
2 , we obtain[(
δ12 − 1
2
)
PA12
P12
+
(
δ13 − 1
2
)
PA13
P13
]∏
i<j
(Pij)
−δij+
1
2 = 0 (30)
Therefore,
I(2, 3, 1) = 2ηA2A3P2A1
(δ13 − 12 )P12P23
(31)
up to terms which vanish upon acting with DM1A1 , and similarly for I(3, 1, 2).
There are more terms in the amplitude involving PA3 , due to the action of D
M3A3 on the off-shell leg, which also
need to be eliminated. We have
P3A3I(1, 2, 3) + · · ·+ · · · =
1
(δ13 − 12 )P12
(
−ηA1A2 + 2P
A1
2 P
A2
3
P23
)
− (1↔ 2) (32)
Using the identity (9) again, the second term on the right-hand side of (32) is easily seen to be symmetric, and
therefore vanishes. We arrive at an expression which is independent of P3,
P3A3I(1, 2, 3) + · · ·+ · · · =
∆1 −∆2
(δ23 − 12 )(δ13 − 12 )
ηA1A2
P12
(33)
Notice that in the case of ∆1 = ∆2 (on-shell legs), this vanishes, so the action of D
M3A3 is simple in this case.
Differentiating with respect to P3, we obtain an additional factor,
∂
∂PM33
∏
i<j
(Pij)
−δij+
1
2 =
[
(2δ13 − 1)P
M3
1
P13
+ (2δ23 − 1)P
M3
2
P23
]∏
i<j
(Pij)
−δij+
1
2 (34)
It follows that
DM3A3AA1A2A3 =
pid/2
2
Γ
(
∆1 +∆2 +∆3 − d+ 1
2
)
[(D3I)(1, 2)− (D3I)(2, 1)]
∏
i<j
Γ
(
δij +
1
2
)
(Pij)
−δij+
1
2 (35)
where
(D3I)(1, 2) =
(∆3 +∆1 −∆2 − 1)ηA1A2P1M3 − 2(∆3 − 1)δA1M3PA21
∆3(δ23 − 12 )P12P13
(36)
In this form, the three-point vector amplitude can be used in higher-point amplitudes in much the same way as its
scalar counterpart (16).
IV. FOUR-POINT AMPLITUDES
In this section, we calculate scalar and vector four-point amplitudes by sewing together two three-point amplitudes
calculated in section III. Using the results in appendix A, the integrals over AdS space are performed with little effort.
In the vector case, there is an additional type of diagram contributing due to the existence of a four-point vertex. A
quartic interaction can also be added in the scalar case. The calculation proceeds as in the vector case.
7A. Scalar amplitudes
The four-point scalar amplitude reads (Fig. 3)
A(4,s)(∆1, P1; ∆2, P2; ∆3, P3; ∆4, P4) =
g2∏
i 2pi
d/2Γ(∆i + 1− d2 )
∫
dc
2pii
fδ,0(c)A4(∆1, P1; ∆2, P2; ∆3, P3; ∆4, P4|c)
(37)
where
A4(∆1, P1; ∆2, P2; ∆3, P3; ∆4, P4|c) =
∫
∂AdS
dQA3(∆1, P1; ∆2, P2; d/2 + c,Q)A3(∆3, P3; ∆4, P4; d/2− c,Q) (38)
and A3 is given by (16).
P1
X
P2
Y
P4 P3
∫
dQ Q
FIG. 3: The four-point scalar amplitude (37).
To integrate over Q, we need to calculate
∫
∂AdS
dQ
4∏
i=1
Γ(λi)(−2Q · Pi)−λi , (39)
where
λ1 =
∆1 −∆2 + d/2 + c
2
, λ2 =
∆2 −∆1 + d/2 + c
2
, λ3 =
∆3 −∆4 + d/2− c
2
, λ4 =
∆4 −∆3 + d/2− c
2
(40)
Notice that λ1 + · · ·+ λ4 = d. Using the result (A10) in the Appendix, we obtain
∫
∂AdS
dQ
4∏
i=1
Γ(λi)(−2Q · Pi)−λi = pi
d/2
2
∫ ∏
i<j
dδ˜ijΓ(δ˜ij)P
−δ˜ij
ij (41)
where the integration variables are constrained by ∑
j 6=i
δ˜ij = λi (42)
The integration variables are related to the Mandelstam invariants by
δ12 =
∆1 +∆2 − d/2− c
2
+ δ˜12 , δ34 =
∆3 +∆4 − d/2 + c
2
+ δ˜34 , (43)
and δij = δ˜ij , otherwise. The constraints (42) in terms of the standard Mandelstam variables read∑
j 6=i
δij = ∆i (44)
as expected (Eq. (44)).
8The four-point function (38) becomes
A4({∆i, Pi}|c) = pi
d/2
2
∫ ∏
i<j
dδijΓ(δij)M4(δij |c)P−δijij (45)
where
M4 =
∏
σ=± Γ(
∆1+∆2−d/2+σc
2 )Γ(
∆3+∆4−d/2+σc
2 )Γ(δ12 − ∆1+∆2−d/2+σc2 )
Γ(δ12)Γ(δ34)
(46)
Notice that the Mellin transform (46) is a function of a single Mandelstam invariant, δ12, because δ34 and δ12 are
related through δ12 − δ34 = ∆1+∆2−∆3−∆42 .
B. Vector amplitudes
In the vector case, there are two types of diagrams, and we consider them separately. First we discuss the four-point
diagram due to the four-point gauge interaction (Fig. 4). The amplitude is
A(4,v,(a))M1M2M3M4,a1a2a3a4 =
∫
AdS
dX Ia1a2a3a4A1A2A3A4
4∏
i=1
EMiAi(X,Pi) , (47)
where
Ia1a2a3a4A1A2A3A4 =
(
fa1a4bfa2a3b + fa1a3bfa2a4b
)
ηA1A2ηA3A4 + · · ·+ · · · (48)
is independent of the points Pi (i = 1, 2, 3, 4) and X .
P1, A1, a1
X
P2, A2, a2
P4, A4, a4 P3, A3, a3
FIG. 4: The four-point vector amplitude (47).
The integral over the bulk vector X is of the form (A12). Using the result (A16), we obtain
A(4,v,(a))M1M2M3M4,a1a2a3a4 =
pid/2
2
∏
i 2pi
d/2Γ(1 + ∆i − d2 )
4∏
i=1
DMiAi(∆i, Pi)Aa1a2a3a4A1A2A3A4 (49)
where
Aa1a2a3a4A1A2A3A4 =
∫
Ma1a2a3a4A1A2A3A4(δij)
∏
i<j
Γ(δij)P
−δij
ij dδij , Ma1a2a3a4A1A2A3A4 = Γ
(∑
i∆i − d
2
)
Ia1a2a3a4A1A2A3A4 (50)
On shell (∆i = d− 1, i = 1, 2, 3, 4), this amplitude reads
Aa1a2a3a4A1A2A3A4 = Γ
(
3d− 4
2
)
Ia1a2a3a4A1A2A3A4
∫ ∏
i<j
Γ(δij)P
−δij
ij dδij . (51)
9To use it in a higher-point diagram, we need to act with DM4A4 and eliminate P4 with a free index. By using the
identity (9) with ∆ = ∆3, P
A = PA33 , and F∆3−1(P3) = P34
∏
i<j P
−δij
ij , we obtain[
δ13
P34
P13
PA31 + δ23
P34
P23
PA32 + (δ34 − 1)PA34
]∏
i<j
P
−δij
ij = 0 , (52)
up to terms which vanish upon acting with DM3A3 . We deduce
PA44 ηA3A4 = −
1
δ34 − 1
[
δ13
P1A3
P13
+ δ23
P2A3
P23
]
P34 (53)
Differentiation with respect to P4M4 has the effect of multiplication by a factor given by
∂
∂P4M4
P34
3∏
i=1
P−δi4i4 = 2
[
δ14
PM41
P14
+ δ24
PM42
P24
+ (δ34 − 1)P
M4
3
P34
]
P34
3∏
i=1
P−δi4i4 (54)
It follows that in the amplitude (49),
DM4A4ηA3A4 =
∆4 − 1
∆4
δM4A3 −
2
∆4
(
δ13
P1A3
P13
+ δ23
P2A3
P23
)(
δ14
δ34 − 1
P34
P14
PM41 +
δ24
δ34 − 1
P34
P24
PM42 + P
M4
3
)
(55)
This expression allows us to use this amplitude in the calculation of a higher-point amplitude in which the leg
corresponding to P4 is internal.
P1, A1, a1
X
P2, A2, a2
Y
P3, A3, a3 P4, A4, a4
∫
dQ Q
FIG. 5: The four-point vector amplitude (56).
Next, we calculate the four-point vector amplitude depicted in Fig. 5. We have
A(4,v,(b))M1M2M3M4,a1a2a3a4 = g2fa1a2bfa3a4b
∫
dc
2pii
fδ,1(c)
4∏
i=1
DMiAi(∆i, Pi)AA1A2A3A4({∆i, Pi}|c) (56)
where
AA1A2A3A4({∆i, Pi}|c) =
∫
∂AdS
dQηNN ′D
NC(d/2 + c,Q)AA1A2C(∆1, P1; ∆2, P2; d/2 + c,Q)
×DN ′C′(d/2− c,Q)AA3A4C′(∆3, P3; ∆4, P4; d/2− c,Q) (57)
Using (35), we can express this in terms of the scalar functions (38). The integral over Q corresponding to the product
of (35) and its counterpart in the second amplitude (with 1→ 3 and 2→ 4) is
∫
∂AdS
dQ
4∏
i=1
Γ(λi)(−2Pi ·Q)−λi = pi
d/2
2
∫ ∏
i<j
dδ˜ijΓ(δ˜ij)P
−δ˜ij
ij (58)
where
λ1 =
∆1 −∆2 + d2 + c+ 1
2
, λ2 =
∆2 −∆1 + d2 + c− 1
2
, λ3 =
∆3 −∆4 + d2 − c+ 1
2
, λ4 =
∆4 −∆3 + d2 − c− 1
2
(59)
10
The Mandelstam invariants are
δ12 = δ˜12 +
∆1 +∆2 − d2 − c+ 1
2
, δ34 = δ˜34 +
∆3 −∆4 − d2 + c+ 1
2
, δ13 = δ˜13 − 1 , (60)
and δij = δ˜ij , otherwise. Thus, the four-point vector amplitude (57) can be put in the form (45), as in the scalar case,
AA1A2A3A4({∆i, Pi}|c) =
pid/2
2
∫
MA1A2A3A4(δij |c)
∏
i<j
Γ(δij)P
−δij
ij dδij (61)
where
MA1A2A3A4(δij |c) =
(d2 − 1)2 − c2
d2
4 − c2
[δ13I(1, 2, 3, 4)− δ14I(1, 2, 4, 3)− δ23I(2, 1, 3, 4) + δ24I(2, 1, 4, 3)]M4 , (62)
M4 is as in the scalar case (Eq. (46)), but with the replacements ∆1 → ∆1 + 1,∆3 → ∆3 + 1, and
I(1, 2, 3, 4) = − (
d
2 + c−∆1 +∆2 − 1)(d2 − c−∆3 +∆4 − 1)
2[(d2 − 1)2 − c2]
ηA1A2ηA3A4
−2
d
2 + c−∆1 +∆2 − 1
d
2 + c− 1
ηA1A2
P1A3P3A4
P13
− 2
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
ηA3A4
P1A2P3A1
P13
+4ηA1A3
P1A2P3A4
P13
(63)
The above expressions simplify for on-shell amplitudes. Setting ∆i = d− 1 (i = 1, 2, 3, 4), we obtain
MA1A2A3A4(δij |c) =
(d2 − 1)2 − c2
d2
4 − c2
[
−ηA1A2ηA3A4 − 2ηA1A2
(
P1A3P3A4
P13
+
P2A4P4A3
P24
)
−2ηA3A4
(
P1A2P3A1
P13
+
P2A1P4A2
P24
)
+ 4ηA1A3
P1A2P3A4
P13
+ 4ηA2A4
P2A1P4A3
P24
]
δ13M4
−(3←→ 4) , (64)
where
M4 =
∏
σ=± Γ
2(
3d
2
−1+σc
2 )Γ(δ12 −
3d
2
−1+σc
2 )
Γ2(δ12)
(65)
To use this function in higher-point amplitudes, it is convenient to eliminate all terms with PAi4 (i = 1, 2, 3).
By using the identity (9) with ∆ = ∆1, P
A = PA21 , and F∆1(P1) = PA21
∏
i<j P
−δij
ij , we obtain
1
2
ηA1A2 +
∑
k 6=1
δ1k
PA1k P
A2
1
P1k

∏
i<j
P
−δij
ij = 0 (66)
We deduce from (52) and (66),
I(1, 2, 4, 3) = − (
d
2 + c−∆1 +∆2 − 1)(d2 − c+∆3 −∆4 − 1)
2[(d2 − 1)2 − c2]
ηA1A2ηA3A4
− 2
δ34 − 1
(
2ηA1A4P1A2 −
d
2 + c−∆1 +∆2 − 1
d
2 + c− 1
ηA1A2P1A4
)(
δ13
P1A3
P13
+ δ23
P2A3
P23
)
P34
P14
+
2
δ14
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
ηA3A4
(
1
2
ηA1A2 + δ12
P2A1P1A2
P12
+ δ13
P3A1P1A2
P13
)
(67)
and similarly for I(2, 1, 4, 3). I(1, 2, 3, 4) and I(2, 1, 3, 4) are unaltered.
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Next we act with DM4A4 . We have
PA44 I(1, 2, 3, 4) = −
(d2 + c−∆1 +∆2 − 1)d2 − c−∆3 +∆4 − 1)
2[(d2 − 1)2 − c2]
ηA1A2P4A3
+
d
2 + c−∆1 +∆2 − 1
d
2 + c− 1
ηA1A2P1A3
P34
P13
− 2
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
P4A3P1A2P3A1
P13
+4ηA1A3P1A2
P34
P13
(68)
and
PA44 I(1, 2, 4, 3) = −
(d2 + c−∆1 +∆2 − 1)(d2 − c+∆3 −∆4 − 1)
2[(d2 − 1)2 − c2]
ηA1A2P4A3
− 1
δ34 − 1
(
4P4A1P1A2 +
d
2 + c−∆1 +∆2 − 1
d
2 + c− 1
ηA1A2P14
)(
δ13
P1A3
P13
+ δ23
P2A3
P23
)
P34
P14
+
2
δ14
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
P4A3
(
ηA1A2 + δ12
P2A1P1A2
P12
+ δ13
P3A1P1A2
P13
)
(69)
and similarly for PA44 I(2, 1, 3, 4) and PA44 I(2, 1, 4, 3).
P4 with a free index is eliminated from (68) using (52) and[
1
2
ηA1A3 + (δ13 + 1)
PA13 P
A3
1
P13
+ δ23
PA13 P
A3
2
P23
+ (δ34 − 1)P
A1
3 P
A3
4
P34
]
P34
P13
∏
i<j
P
−δij
ij = 0 (70)
We obtain
P13
P34
PA44 I(1, 2, 3, 4) =
(d2 + c−∆1 +∆2 − 1)(d2 − c−∆3 +∆4 − 1)
2(δ34 − 1)[(d2 − 1)2 − c2]
ηA1A2
(
δ13P1A3 + δ23
P13
P23
P2A3
)
+
d
2 + c−∆1 +∆2 − 1
d
2 + c− 1
ηA1A2P1A3 + 4ηA1A3P1A2
+
2
δ34 − 1
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
P1A2
(
1
2
ηA1A3 + (δ13 + 1)
P3A1P1A3
P13
+ δ23
P3A1P2A3
P23
)
(71)
Notice that P4 only enters through an overall factor of P34.
Similarly, P4 is eliminated from (69) using (52), (66), (70), and[
1
2
ηA1A2PA31 +
1
2
ηA1A3PA21 +
(
δ12
PA12
P12
+ (δ13 + 1)
PA13
P13
+ δ14
PA14
P14
)
PA21 P
A3
1
]
1
P13
∏
i<j
P
−δij
ij = 0 (72)
We obtain
P13
P34
PA44 I(1, 2, 4, 3) =
(d2 + c−∆1 +∆2 − 1)(d2 − c+∆3 −∆4 − 1)
2(δ34 − 1)[(d2 − 1)2 − c2]
ηA1A2
(
δ13P1A3 + δ23
P13
P23
P2A3
)
+
4δ13
δ14(δ34 − 1)
[
1
2
ηA1A2P1A3 +
1
2
ηA1A3P1A2 +
(
δ12
P2A1
P12
+ (δ13 + 1)
P3A1
P13
)
P1A2P1A3
]
+
4δ23
δ14(δ34 − 1)
P2A3
P23
P13
(
1
2
ηA1A2 + δ12
P2A1P1A2
P12
+ δ13
P3A1P1A2
P13
)
− 1
δ34 − 1
d
2 + c−∆1 +∆2 − 1
d
2 + c− 1
ηA1A2
(
δ13P1A3 + δ23
P13
P23
P2A3
)
− 2
δ14(δ34 − 1)
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
(
ηA1A2 + δ12
P2A1P1A2
P12
)(
δ13P1A3 + δ23
P13
P23
P2A3
)
− 2δ13
δ14(δ34 − 1)
d
2 − c−∆3 +∆4 − 1
d
2 − c− 1
P1A2
(
1
2
ηA1A3 + (δ13 + 1)
P3A1P1A3
P13
+ δ23
P3A1P2A3
P23
)
(73)
12
Again, P4 only enters through an overall factor of P34. It follows that the part of the amplitude involving P4 is
P34
∏3
i=1 P
−δi4
i4 . Therefore, differentiation with respect to P4M4 has the effect of multiplication by an overall factor,
∂
∂P4M4
P34
3∏
i=1
P−δi4i4 = 2
[
δ14
PM41
P14
+ δ24
PM42
P24
+ (δ34 − 1)P
M4
3
P34
]
P34
3∏
i=1
P−δi4i4 (74)
The amplitude with DM4A4 acted upon is given by
DM4A4AA1A2A3A4({∆i, Pi}|c) =
pid/2
2
∫
(D4M)M4A1A2A3(δij |c)
∏
i<j
P
−δij
ij Γ(δij)dδij (75)
where
(D4M)M4A1A2A3 =
[
∆4 − 1
∆4
ηM4A4 +
2
∆4
(
δ14P
M4
1
P34
P14
+ δ24P
M4
2
P34
P24
+ (δ34 − 1)PM43
)
P4A4
P34
]
MA1A2A3A4(δij |c) (76)
In the above expression, the only dependence on P4 is through the ratios
P34
P14
and P34P24 . This expression will be used
in the calculation of five- and higher-point vector amplitudes.
V. FIVE-POINT AMPLITUDES
In this section, we calculate scalar and vector five-point amplitudes by sewing together three- and four-point
amplitudes. The integrals over AdS space that are involved are similar to the ones encountered in the case of four-
point amplitudes in section IV and can be performed using the results of appendix A without additional effort. The
Mellin amplitudes are found as integrals over the Mandelstam invariants of the constituent four-point amplitudes.
These integrals can all be performed, resulting in expressions involving generalized Hypergeometric functions. Thus,
our approach provides an alternative to integration over Schwinger parameters [16].
A. Scalar amplitudes
The five-point scalar amplitude (Fig. 6) reads
A(5,s)(∆1, P1; . . . ; ∆5, P5) =
g3∏
i 2pi
d/2Γ(∆i + 1− d/2)
∫
dcdc′
(2pii)2
fδ1,0(c)fδ2,0(c
′)A5({∆i, P1}|c, c′) (77)
where
A5({∆i, Pi}|c, c′) =
∫
∂AdS
dQA4(∆1, P1; ∆2, P2; ∆3, P3; d/2 + c′, Q|c)A3(∆4, P4; ∆5, P5; d/2− c′, Q) (78)
P1
X
P2
P5 P4
Z
Y
P3
∫
dQ Q
FIG. 6: The five-point scalar amplitude (77).
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The integral over Q involves
∫
∂AdS
dQ
5∏
i=1
Γ(λi)(−2Q · Pi)−λi (79)
where
λ1 = δ
′
14 , λ2 = δ
′
24 , λ3 = δ
′
34 , λ4 =
∆4 −∆5 + d2 − c′
2
, λ5 =
∆5 −∆4 + d2 − c′
2
(80)
and δ′ij are the Mandelstam invariants for the four-point function constrained by
δ′12 + δ
′
13 + δ
′
14 = ∆1
δ′12 + δ
′
23 + δ
′
24 = ∆2
δ′13 + δ
′
23 + δ
′
34 = ∆3
δ′14 + δ
′
24 + δ
′
34 = h+ c
′ (81)
Working as before, we obtain
∫
∂AdS
dQ
5∏
i=1
Γ(λi)(−2Q · Pi)−λi = pi
d/2
2
∫ ∏
i<j
dδ˜ijΓ(δ˜ij)P
−δ˜ij
ij (82)
where the integration variables are constrained by ∑
j 6=i
δ˜ij = λi (83)
The part of the amplitude involving the vectors Pi is
P
−δ′12
12 P
−δ′13
13 P
−δ′23
23 P
−
∆4+∆5−d/2+c
′
2
45
∏
i<j
P
−δ˜ij
ij =
∏
i<j
P
−δij
ij (84)
where δij are the Mandelstam invariants defined by
δ12 = δ˜12 + δ
′
12 , δ23 = δ˜23 + δ
′
23 , δ13 = δ˜13 + δ
′
13 , δ45 = δ˜45 +
∆4 +∆5 − d/2 + c′
2
, (85)
and δij = δ˜ij , otherwise. It is easily seen that they obey the standard constraints (44).
The five-point function simplifies to
A5({∆i, Pi}|c, c′) = pi
d/2
2
∫ ∏
i<j
dδijΓ(δij)M5(δij |c, c′)P−δijij (86)
where
M5(δij |c, c′) =
∫ ∏
i<j
dδ′ij
Γ(δ12 − δ′12)Γ(δ′12)Γ(δ23 − δ′23)Γ(δ′23)Γ(δ13 − δ′13)Γ(δ′13)
Γ(δ12)Γ(δ23)Γ(δ13)
×Γ(δ45 −
∆4+∆5−d/2+c
′
2 )Γ(
∆4+∆5−d/2+c
′
2 )
Γ(δ45)
M4(δ′12|c)M3 (87)
and
M3 = Γ
(
∆4 +∆5 − d2 − c′
2
)
, M4(δ′12|c) =
∏
σ=± Γ(
∆1+∆2−d/2+σc
2 )Γ(
∆3+c
′+σc
2 )Γ(δ
′
12 − ∆1+∆2−d/2+σc2 )
Γ(δ′12)Γ(δ
′
34)
(88)
with δ′34 = δ
′
12 − ∆1+∆2−∆3−d/2−c
′
2 , δ
′
23 =
∆1+∆2+∆3−d/2−c
′
2 − δ′12 − δ′13.
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The two integrals in (87) are performed as follows. From Barnes first lemma, we have
∫
dδ′13
2pii
Γ(δ′23)Γ(δ23 − δ′23)Γ(δ′13)Γ(δ13 − δ′13)
Γ(δ13)Γ(δ23)
=
Γ(δ13 + δ23 − ∆1+∆2+∆3−d/2−c
′
2 + δ
′
12)Γ(
∆1+∆2+∆3−d/2−c
′
2 − δ′12)
Γ(δ13 + δ23)
(89)
Next, we need
F =
∫
dδ′12
2pii
Γ(δ′12 + δ13 + δ23 − ∆1+∆2+∆3−d/2−c
′
2 )Γ(
∆1+∆2+∆3−d/2−c
′
2 − δ′12)Γ(δ12 − δ′12)
Γ(δ13 + δ23)Γ(δ′12 − ∆1+∆2−∆3−d/2−c
′
2 )
×
∏
σ=±
Γ
(
δ′12 −
∆1 +∆2 − d2 + σc
2
)
(90)
This is calculated with the aid of the identity
∫
ds
2pii
Γ(a+ s)Γ(b + s)Γ(f − c+ s)Γ(e − a− b− s)Γ(−s)
Γ(f + s)
=
Γ(a)Γ(b)Γ(e − a)Γ(e− b)Γ(f − c)
Γ(e)Γ(f)
3F2
[
a, b, c
e, f
]
(91)
where 3F2
[
a, b, c
e, f
]
= 3F2(a, b, c; e, f ; 1). We obtain
F = Γ(δ45 −
∆4+∆5−d/2−c
′
2 )Γ(
∆3+c−c
′
2 )
∏
σ=± Γ(δ12 − ∆1+∆2−
d
2
+σc
2 )
Γ(δ45 − ∆4+∆5−∆3−d/2−c2 )Γ(δ12 − ∆1+∆2−∆3−d/2−c
′
2 )
×3F2
[
δ45 − ∆4+∆5−d/2−c
′
2 , δ12 −
∆1+∆2−
d
2
−c
2 ,
∆3+c
′+c
2
δ45 − ∆4+∆5−∆3−d/2−c2 , δ12 − ∆1+∆2−∆3−d/2−c
′
2
]
. (92)
where we used δ12 + δ13 + δ23 − ∆1+∆22 = δ45 − ∆4+∆52 . Therefore,
M5(δij |c, c′) =
Γ(∆3+c−c
′
2 )
∏
σ=± Γ(δ12 − ∆1+∆2−d/2+σc2 )Γ(δ45 −
∆4+∆5−
d
2
+σc′
2 )
Γ(δ12)Γ(δ12 − ∆1+∆2−∆3−d/2−c′2 )Γ(δ45)Γ(δ45 − ∆4+∆5−∆3−d/2−c2 )
×
∏
σ=±
Γ
(
∆3 + σc+ c
′
2
)
Γ
(
∆1 +∆2 − d2 + σc
2
)
Γ
(
∆4 +∆5 − d2 + σc′
2
)
×3F2
[
δ45 − ∆4+∆5−d/2−c
′
2 , δ12 −
∆1+∆2−
d
2
−c
2 ,
∆3+c
′+c
2
δ45 − ∆4+∆5−∆3−d/2−c2 , δ12 − ∆1+∆2−∆3−d/2−c
′
2
]
. (93)
B. Vector amplitudes
In order to avoid an unnecessarily long calculation, we restrict attention to the case of on-shell amplitudes by setting
∆i = d− 1 (i = 1, . . . , 5). There are two different diagrams which we need to consider separately.
The diagram depicted in figure 7 has amplitude
A(5,v,(a))M1...M5,a1...a5 = g3
∫
dc
2pii
fδ,1(c)
5∏
i=1
DMiAi(∆i, Pi)Aa1a2a3a4a5A1A2A3A4A5({∆i, Pi}|c) (94)
where
Aa1a2a3a4a5A1A2A3A4A5({∆i, Pi}|c) =
∫
∂AdS
dQηNN ′D
NC(h+ c,Q)Aa1a2a3bA1A2A3C(∆1, P1; ∆2, P2; ∆3, P3; d/2 + c,Q)
×DN ′C′(d/2− c,Q)fa4a5bAA4A5C′(∆4, P4; ∆5, P5; d/2− c,Q) (95)
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P1, A1, a1
X
P3, A3, a3
P5, A5, a5 P4, A4, a4
Y
P2, A2, a1
∫
dQ Q
FIG. 7: The five-point vector amplitude (94).
The three-point amplitude in (95) simplifies to
DN
′C′(d/2− c,Q)AA4A5C′ =
2
d
2 − c
Γ
(
3d
2 − c− 1
2
)
Γ
(
3d
2 + c− 1
2
)
Γ2
(
d
2 − c+ 1
2
)
×
[
ηA4A5P
N ′
4 − 2δN
′
A4P4A5
]
P
−
3d
2
+c+1
2
45 (−2P4 ·Q)−
d
2
−c+1
2 (−2P5 ·Q)−
d
2
−c−1
2
−(4←→ 5) (96)
The four-point amplitude in (95) simplifies to
DNC(d/2+c,Q)Aa1a2a3bA1A2A3C =
(
fa1bb
′
fa2a3b
′
+ fa1a3b
′
fa2bb
′
) ∫
(D4M)NA1A2A3(δ′ij |c)
∏
i<j
P
−δ′ij
ij Γ(δ
′
ij)dδ
′
ij+· · ·+· · · (97)
where
(D4M)NA1A2A3 = Γ
(
5d
2 − 3 + c
2
)
ηA1A2
[
d
2 + c− 1
d
2 + c
δNA3
− 2
d
2 + c
(
δ′13
P1A3
P13
+ δ′23
P2A3
P23
)(
δ′14
δ′34 − 1
P3 ·Q
P1 ·QP
N
1 +
δ′24
δ′34 − 1
P3 ·Q
P2 ·QP
N
2 + P
N
3
)]
(98)
The integral over Q involves
∫
∂AdS
dQ
5∏
i=1
Γ(λi)(−2Q · Pi)−λi = pi
d/2
2
∫ ∏
i<j
dδ˜ij
2pii
Γ(δ˜ij)P
−δ˜ij
ij (99)
where
λ1 = δ
′
14 + n1 , λ2 = δ
′
24 + n2 , λ3 = δ
′
34 + n3 , λ4 =
d
2 − c+ 1
2
, λ5 =
d
2 − c− 1
2
(100)
and δ′ij are the Mandelstam invariants for the four-point function, as in the scalar case. The various terms have
ni ∈ {−1, 0,+1}, with
∑
i ni = 0 (i = 1, 2, 3). The integration variables are constrained by∑
j 6=i
δ˜ij = λi (101)
In terms of the Mandelstam invariants,
δ˜12 = δ12 − δ′12 , δ˜23 = δ23 − δ′23 , δ˜13 = δ13 − δ′13 , δ˜45 = δ45 −
3d
2 + c− 3
2
, δ˜i4 = δi4 + ni (i = 1, 2, 3) , (102)
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and δ˜ij = δij , otherwise.
We arrive at
AA1A2A3A4A5 =
pid/2
2
∫ ∏
i<j
dδ˜ij
2pii
Γ(δ˜ij)P
−δ˜ij
ij
×
[(
fa1b
′bfa2a3b + fa1a3bfa2b
′b
)
f b
′a4a5MA1...A5 + permutations of (123)− (4←→ 5)
]
(103)
where
MA1...A5 =
d
2 − c− 1
d
2 − c
Γ
(
3d
2 − c− 1
2
)
Γ
(
3d
2 + c− 1
2
)
Γ
(
5d
2 − 3 + c
2
)
ηA1A2 [ηA4A5P4N − 2ηA4NP4A5 ]
×
∫ ∏
i<j
dδ′ij
Γ(δ12 − δ′12)Γ(δ′12)Γ(δ23 − δ′23)Γ(δ′23)Γ(δ13 − δ′13)Γ(δ′13)Γ(δ45 −
3d
2
+c−3
2 )
Γ(δ12)Γ(δ23)Γ(δ13)Γ(δ45)
×
[
d
2 + c− 1
d
2 + c
δNA3 −
2
d
2 + c
(
δ′13
P1A3
P13
+ δ′23
P2A3
P23
)(
δ14
δ34 − 1P
N
1 +
δ24
δ34 − 1P
N
2 + P
N
3
)]
(104)
The integrals over the four-point Mandelstam invariants δ′ij can be performed as in the scalar case.
Next, we turn to the diagram depicted in figure 8. It is given by (suppressing standard group theory indices)
A(5,v,(b))M1M2M3M4M5 = g3
∫
dcdc′
(2pii)2
fδ,1(c)fδ,1(c
′)
5∏
i=1
DMiAi(∆i, Pi)AA1A2A3A4A5({∆i, Pi}|c, c′) (105)
where
AA1A2A3A4A5({∆i, Pi}|c, c′) =
∫
∂AdS
dQηNN ′D
NC(d/2 + c,Q)AA1A2A3C(∆1, P1; ∆2, P2; ∆3, P3; d/2 + c,Q|c′)
×DN ′C′(h− c′, Q)AA4A5C′(∆4, P4; ∆5, P5; d/2− c,Q) (106)
P1, A1, a1
X
P2, A2, a2
P5, A5, a5 P4, A4, a4
Z
Y
P3, A3, a3
∫
dQ Q
FIG. 8: The five-point vector amplitude (105).
The three-point amplitude in (106) is given by (96). The four-point amplitude simplifies to
DNC(d/2 + c,Q)AA1A2A3C =
∫
(D4M)NA1A2A3(δ′ij |c′)
∏
i<j
P
−δ′ij
ij Γ(δ
′
ij)dδ
′
ij (107)
where
(D4M)NA1A2A3 =
d
2 + c− 1
d
2 + c
ηNCMA1A2A3C −
1
d
2 + c
(
δ′14P
N
1
P3 ·Q
P1 ·Q + δ
′
24P
N
2
P3 ·Q
P2 ·Q + (δ
′
34 − 1)PN3
)
QC
P3 ·QMA1A2A3C
(108)
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MA1A2A3C =
(d2 − 1)2 − c′
2
d2
4 − c′2
[I(1, 2, 3, 4)δ′13 + I(1, 2, 4, 3)δ′14 − (1←→ 2)]
×
∏
σ=± Γ(
3d
2
+σc′−1
2 )Γ(
d+c+σc′
2 )Γ(δ
′
12 −
3d
2
+σc′−1
2 )
Γ(δ′12)Γ(δ
′
12 + 1−
d
2
+h−c+1
2 )
(109)
I(1, 2, 3, 4) = − c− c
′
d− 2(c′ + 1)ηA1A2ηA3C − 2ηA1A2
P1A3P3C
P13
+ 4ηA1A3
P1A2P3C
P13
− 2 c− c
′
d
2 − c′ − 1
ηA3C
P1A2P3A1
P13
(110)
I(1, 2, 4, 3) = c+ c
′ − d+ 2
d− 2(c′ + 1) ηA1A2ηA3C −
2
δ′34 − 1
(2ηA1A4P1A2 − ηA1A2P1C)
(
δ′13
P1A3
P13
+ δ′23
P2A3
P23
)
P3 ·Q
P1 ·Q
− 2
δ′14
c+ c′
d
2 − c′ − 1
ηA3C
(
1
2
ηA1A2 + δ
′
12
P2A1P1A2
P12
+ δ′13
P3A1P1A2
P13
)
(111)
P13
−2P3 ·QQ
CI(1, 2, 3, 4) = c− c
′
(δ′34 − 1)(d− 2(c′ + 1))
ηA1A2
(
δ′13P1A3 + δ
′
23
P13
P23
P2A3
)
+ ηA1A2P1A3 + 4ηA1A3P1A2
+
2
δ′34 − 1
c− c′
d
2 − c′ − 1
P1A2
(
1
2
ηA1A3 + (δ
′
13 + 1)
P3A1P1A3
P13
+ δ′23
P3A1P2A3
P23
)
(112)
and
P13
−2P3 ·QQ
CI(1, 2, 4, 3) = − c+ c
′ − d+ 2
(δ′34 − 1)(d− 2(c′ + 1))
ηA1A2
(
δ′13P1A3 + δ
′
23
P13
P23
P2A3
)
− 1
δ′34 − 1
ηA1A2
(
δ′13P1A3 + δ
′
23
P13
P23
P2A3
)
+
4δ′13
δ′14(δ
′
34 − 1)
[
1
2
ηA1A2P1A3 +
1
2
ηA1A3P1A2 +
(
δ′12
P2A1
P12
+ (δ′13 + 1)
P3A1
P13
)
P1A2P1A3
]
+
4δ′23
δ′14(δ
′
34 − 1)
P2A3
P23
P13
(
1
2
ηA1A2 + δ
′
12
P2A1P1A2
P12
+ δ′13
P3A1P1A2
P13
)
− 2
δ′14(δ
′
34 − 1)
c− c′
d
2 − c′ − 1
(
ηA1A2 + δ12
P2A1P1A2
P12
)(
δ′13P1A3 + δ
′
23
P13
P23
P2A3
)
− 2δ
′
13
δ′14(δ
′
34 − 1)
c− c′
d
2 − c′ − 1
P1A2
(
1
2
ηA1A3 + (δ
′
13 + 1)
P3A1P1A3
P13
+ δ′23
P3A1P2A3
P23
)
(113)
The integral over Q is of the same form as before (Eq. (99) with exponents given by (100)). However, this case is
slightly more complicated because ni ∈ {0,±1,±2},
∑
i ni = 0 (i = 1, 2, 3). The integration variables are constrained
by (101), and are given in terms of the Mandelstam invariants by (102).
VI. HIGHER-POINT AMPLITUDES
In this section, we suppress group theory indices, as they are not involved in the calculations except as constant
factors. Thus, but amplitude we mean a sub-amplitude with a given group theory structure.
Higher point amplitudes can be calculated recursively by sewing together diagrams. Consider two scalar diagrams
with N1 and N2 external legs, respectively. Suppose they have been calculated and put in the form
AN1s(∆1, P1; . . . ; ∆N1 , PN1) =
gN1−2∏
i 2pi
d/2Γ(∆i + 1− d2 )
∫
[dc′]AN1({∆i, Pi}|[c′]) (114)
with
AN1({∆i, Pi}|[c′]) =
pid/2
2
∫
MN1(δ′ij |[c′])
∏
i<j
Γ(δ′ij)P
−δ′ij
ij dδ
′
ij ,
∑
i6=j
δ′ij = ∆i (115)
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and similarly
AN2s(∆
′
1, P
′
1; . . . ; ∆
′
N2 , P
′
N2) =
gN2−2∏
i 2pi
d/2Γ(∆′i + 1− d2 )
∫
[dc′′]AN2({∆′i, P ′i}|[c′′]) (116)
with
AN2({∆′i, P ′i}|[c′′]) =
pid/2
2
∫
MN2(δ′′ij |[c′′])
∏
i<j
Γ(δ′′ij)(P
′
ij)
−δ′′ijdδ′′ij ,
∑
i6=j
δ′′ij = ∆
′
i (117)
After sewing together the last two legs in the respective diagrams, we create a N -point diagram with N = N1+N2−2.
Its amplitude is given by
ANs(∆1, P1; . . . ; ∆N , PN ) =
gN−2∏
i 2pi
d/2Γ(∆i + 1− d2 )
∫
[dc′][dc′′]
dc
2pii
fδ,0(c)AN ({∆i, Pi}|[c′], [c′′], c) (118)
with
AN =
∫
∂AdS
dQAN1(∆1, P1; . . . ; ∆N1−1, PN1−1; d/2 + c,Q|[c′])AN2(∆N1 , PN1 ; . . . ; ∆N , PN ; d/2− c,Q|[c′′]) (119)
The integral over Q involves
∫
∂AdS
dQ
N∏
i=1
Γ(λi)(−2Q · Pi)−λi = pi
d/2
2
∫ ∏
i<j
dδ˜ijΓ(δ˜ij)P
−δ˜ij
ij (120)
with
∑
j 6=i δ˜ij = λi, and
λi = δ
′
iN1 (i = 1, . . . , N1 − 1) , λN1+i = δ′′iN2 (i = 1, . . . , N2 − 1) (121)
Then the part of the amplitude involving the vectors Pi is
N1−1∏
i<j
P
−δ′ij
ij



N2−1∏
i<j
P
−δ′′ij
N1+i−1N1+j−1



 N∏
i<j
P
−δ˜ij
ij

 =∏
i<j
P
−δij
ij (122)
where δij are the Mandelstam invariants for the N -point amplitude given by
δij = δ˜ij + δ
′
ij (i, j = 1, . . . , N1 − 1) , δN1+i−1N1+j−1 = δ˜N1+i−1N1+j−1 + δ′′ij (i, j = 1, . . . , N2 − 1) , (123)
and δij = δ˜ij , otherwise. They obey the constraints
∑
i6=j δij = ∆i, as can easily be checked.
It follows that the N -point amplitude can be cast in the form
AN = pi
d/2
2
∫
MN
∏
i<j
Γ(δij)P
−δij
ij dδij (124)
where
MN = pi
d/2
2
∫
dδ′ij
∫
dδ′′ij
N1−1∏
i<j
Γ(δij − δ′ij)Γ(δ′ij)
Γ(δij)
N2−1∏
i<j
Γ(δN1+i−1N1+j−1 − δ′′ij)Γ(δ′′ij)
Γ(δN1+i−1N1+j−1)
MN1MN2 (125)
The above procedure can be applied to the the case of vector amplitudes which can thus be written in the form (124).
In the vector case, a N1-point diagram is given by
A
M1···MN1
N1v
(∆1, P1; . . . ; ∆N1 , PN1) =
∫
[dc′]
N1∏
i=1
DMiAi(∆i, Pi)AA1···AN1 ({∆i, Pi}|[c′]) (126)
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with
AA1···AN1 ({∆i, Pi}|[c′]) =
pid/2
2
∫
MA1···AN1 (δ′ij |[c′])
∏
i<j
Γ(δ′ij)P
−δ′ij
ij dδ
′
ij (127)
Similarly, a N2-point diagram is given by
A
M1···MN2
N2v
(∆′1, P
′
1; . . . ; ∆
′
N1 , P
′
N1) =
∫
[dc′′]
N2∏
i=1
DMiAi(∆′i, P
′
i )AA1···AN1 ({∆′i, P ′i}|[c′]) (128)
with
AA1···AN1 ({∆′i, P ′i}|[c′′]) =
pid/2
2
∫
MA1···AN1 (δ′′ij |[c′′])
∏
i<j
Γ(δ′′ij)(P
′
ij)
−δ′′ijdδ′′ij (129)
By sewing together these two diagrams, we obtain a N -point vector diagram of amplitude
AM1···MNNv (∆1, P1; . . . ; ∆N , PN ) =
∫
[dc′][dc′′]
dc
2pii
fδ,1(c)
N∏
i=1
DMiAi(∆i, Pi)AA1···AN ({∆i, Pi}|[c′], [c′′], c) (130)
with
AA1···AN =
∫
∂AdS
dQηMM ′D
MC(d/2 + c,Q)AA1···AN1−1C(∆1, P1; . . . ; ∆N1−1, PN1−1; d/2 + c,Q|[c′])
×DM ′C′(d/2− c,Q)AA1···AN2−1C′(∆N1 , PN1 ; . . . ; ∆N , PN ; d/2− c,Q|[c′′]) (131)
The integration overQ can be performed in the same way as in the scalar case provided Q only appears in dot products
(as in Pi · Q, and no terms with Q with a free index exist). This can be ensured by the repeated application of the
identity (9), as we have already demonstrated. This leads to expressions for the two factors in (131), DMCAA1···AN1−1C
and DM
′C′AA1···AN2−1C′ , respectively, containing no Q with a free index.
After integrating over Q, we arrive at an expression for the amplitude of the form
AA1···AN =
pid/2
2
∫
MA1···AN
∏
i<j
Γ(δij)P
−δij
ij dδij (132)
where MA1···AN is given in terms of the same functions as in the scalar case.
To complete the iteration, we need to apply the identity (9) again, as many times as needed, on DMiAiAA1···AN , in
order to eliminate all occurrences of Q with a free index. The resulting expressions can then be used for the calculation
of higher-point amplitudes.
VII. CONCLUSION
We discussed an iterative method of calculation of Witten diagrams in AdS space based on the formalism developed
in [16]. We applied our method to scalar and vector fields and showed that they can both be written in terms of Mellin
amplitudes which can be computed explicitly. We showed how this is done in detail for three-, four-, and five-point
diagrams. We demonstrated that the index structure in the vector case did not present additional difficulties in the
calculation of integrals over AdS space, by taking advantage of the conformal structure of the amplitudes.
Our method can be straightforwardly generalized to higher-spin fields (calculation of correlators of stress-energy
tensors, etc). As it provides a systematic way of calculating diagrams, which appears to be uniformly applicable to
fields of any spin, it would be interesting to use our method toward the development of general Feynman rules for the
calculation of Witten diagrams. Work in this direction is in progress.
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Appendix A: Useful integrals
Here we derive integrals over AdS space (bulk or boundary) that are used in our discussion.
Integrals on the boundary are often of the form
I =
∫
∂AdS
dQ
∏
i
Γ(λi)(−2Pi ·Q)−λi (A1)
where Q, Pi are all points on the boundary and the exponents λi are constrained∑
i
λi = d (A2)
To perform the integral over the vector QA, use the Mellin transform,
Γ(λi)(−2Pi ·Q)−λi =
∫ ∞
0
dvi
vi
vλii e
2viPi·Q (A3)
to write the integral I in the form
I =
∫ ∞
0
∏
i
dvi
vi
vλii
∫
∂AdS
dQe2T ·Q , TA =
∑
i
viP
A
i (A4)
Going to the rest frame of TA in which TA = (T0, 0, . . . , 0) with T0 ≥ 0, and parametrizing the null vector QA by
QA =
(
x2 + 1
2
,
x2 − 1
2
, xµ
)
(A5)
we obtain ∫
∂AdS
dQe2T ·Q =
pid/2
T
d/2
0
e−T0 (A6)
After rescaling vi → viT0, we obtain
I = pid/2
∫ ∞
0
∏
i
dvi
vi
vλii e
T 2 , T 2 = −
∑
i<j
vivjPij , (A7)
where we used T 2 = −T 20 .
This expression can be simplified further by using the inverse Mellin transform
e−y =
∫ c+i∞
c−i∞
ds
2pii
Γ(s)y−s (c > 0) (A8)
We obtain
I = pid/2
∫ ∞
0
∏
i
dvi
vi
vλii
∫ c+i∞
c−i∞
∏
i<j
dsij
2pii
Γ(sij)(vivjPij)
−sij . (A9)
Each integral over vi yields a δ-function. We deduce
I =
pid/2
2
∫ ∏
i<j
dsij
2pii
Γ(sij)P
−sij
ij , (A10)
where the integration variables are constrained by ∑
j
sij = λi (A11)
and we have defined sji = sij , sii = 0.
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Integrals in the bulk are of a similar form,
J =
∫
AdS
dX
∏
i
Γ(∆i)(−2Pi ·X)−λi =
∫ ∞
0
∏
i
dvi
vi
vλii
∫
AdS
dXe2T ·X (A12)
where this time the exponents λi are not constrained.
Parametrizing the bulk point XA by
X =
1
x0
(
x20 + x
2 + 1
2
,
x20 + x
2 − 1
2
, xµ
)
(A13)
we obtain ∫
AdS
dXe2T ·X = pid/2
∫ ∞
0
dx0
x0
x
−d/2
0 e
−x0+T
2/x0 (A14)
After rescaling vi → vi√x0, the integral over x0 can be performed, and we obtain
J = pid/2Γ
(∑
i λi − d
2
)∫ ∞
0
∏
i
dvi
vi
vλii e
T 2 . (A15)
The remaining integrals are simplified, as before,
J =
pid/2
2
Γ
(∑
i λi − d
2
)∫ ∏
i<j
dsij
2pii
Γ(sij)P
−sij
ij , (A16)
where the integration variables are constrained by (A11).
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